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MethodAbstract In this article, heat and mass transfer behavior of steady nanoﬂuid ﬂow between parallel
plates in the presence of uniform magnetic ﬁeld is studied. The important effect of Brownian motion
and thermophoresis has been included in the model of nanoﬂuid. The governing equations are
solved via the Differential Transformation Method. The validity of this method was veriﬁed by
comparison of previous work which is done for viscous ﬂuid. The analysis is carried out for
different parameters namely: viscosity parameter, Magnetic parameter, thermophoretic parameter
and Brownian parameter. Results reveal that skin friction coefﬁcient enhances with rise of viscosity
and Magnetic parameters. Also it can be found that Nusselt number augments with an increase of
viscosity parameters but it decreases with augment of Magnetic parameter, thermophoretic param-
eter and Brownian parameter.
ª 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is
an open access article under the CCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Because of increment in energy price, heat transfer (HT)
management is important in energy systems. Recently, nano-
ﬂuid technology is planned and studied by some researchers
experimentally or numerically in order to enhance HT process.
The nanoﬂuid can be applied to engineering problems, such as
heat exchangers, cooling of electronic equipment and chemical
processes. In most of the studies, it is assumed that nanoﬂuid
treats as the common pure ﬂuid. Abu-Nada et al. (2008)
Nomenclature
C nanoﬂuid concentration
Cf skin friction coefﬁcients
Cp speciﬁc heat at constant pressure
h distance between the plates
k thermal conductivity
Nu Nusselt number
p* modiﬁed ﬂuid pressure
Pr Prandtl number
R viscosity parameter
u;v;w velocity components along x, y, z axes respectively
uw(x) velocity of the stretching surface
Greek symbols
a thermal diffusivity
/ dimensionless concentration
g dimensionless variable
l dynamic viscosity
t kinematic viscosity
h dimensionless temperature
q ﬂuid density
r electrical conductivity
sw skin friction or shear stress along the stretching
surface
Steady nanoﬂuid ﬂow between parallel plates 381investigated the enhancement of natural convection in hori-
zontal concentric annuli ﬁeld. They concluded that as
Rayleigh number decreases, the thermal conductivity effects
of nanoparticles cause more HT enhancement. Jou and
Tzeng (2006) numerically studied the natural convection
enhancements of nanoﬂuid within a two-dimensional enclo-
sure. They analyzed HT performance using Khana-fer’s model
for various parameters, such as volume fraction, aspect ratio
of the enclosure, and Grashof number. Results showed that
increasing the buoyancy parameter and volume fraction of
nanoﬂuid causes an increase in the average HT coefﬁcient.
Rashidi et al. (2013) modeled the application of the second
law of thermodynamics to an electrically conducting incom-
pressible nanoﬂuid ﬂuid ﬂowing over a porous rotating disk.
Malvandi and Ganji (2014a) studied the laminar ﬂow and
convective HT of alumina/water nanoﬂuid inside a circular
microchannel in the presence of a uniform magnetic ﬁeld.
For smaller nanoparticles, more uniform volume fraction is
observed and abnormal variations in the HT rate are vanished.
MHD effect on natural convection HT in an inclined L-shape
enclosure ﬁlled with nanoﬂuid was studied by Sheikholeslami
et al. (2014). They found that enhancement in HT has reverse
relationship with Hartmann number and Rayleigh number.
They concluded that using magnetic rotating disk affects HT
rate in renewable energy systems and industrial thermal man-
agement. Recently several authors investigated nanoﬂuid ﬂow
and HT enhancement applications (Cortell, 2014; Mabood
et al., 2014; Garoosi et al., 2015a,b,c; Ashorynejad et al.,
2013a,b Hatami and Ganji, 2014a,b; Hatami et al., 2014a–c;
Domairry et al., 2012; Sheikholeslami et al., 2013a;
Sheikholeslami and Ganji, 2013; Sheikholeslami et al.,
2013b–e; Kefayati, 2013a,b; Kefayati, 2013c; Sheikholeslami
et al., 2012a–c; Shehzad et al., 2012; Shehzad et al., 2013a,b;
Shehzad et al., 2014a,b; Sheikholeslami et al., 2014a;
Sheikholeslami et al., 2014b–f; Sheikholeslami Kandelousi,
2014a,b; Sheikholeslami and Ganji, 2015a; Sheikholeslami
et al., 2015a–c; Sheikholeslami and Rashidi, 2015; Ellahi,
2013; Ellahi et al., 2012, 2013, 2015; Raptis, 1998; Rashidi
et al., 2015; Akbar et al., 2014a,b; Umavathi and Mohite,
2014: Zeeshan et al., 2014). In all the above articles, it is
assumed that there are no slip velocities between nanoparticles
and ﬂuid molecules and assumed that the nanoparticle concen-
tration is uniform. Nield and Kuznetsov (2009) studied the
natural convection in a horizontal layer of a porous mediumsaturated by a nanoﬂuid. Khan and Pop (2010) investigated
boundary-layer ﬂow of a nanoﬂuid past a stretching sheet as
a ﬁrst paper in that ﬁeld. Their model used for the nanoﬂuid
incorporates the effects of Brownian motion and thermophore-
sis. They have taken into account the Prandtl number, Lewis
number, Thermophores number, and Brownian motion num-
ber. The investigation of heat and mass transfer unsteady
squeezing viscous ﬂow between two parallel plates in motion
normal to their own surfaces independent of each other and
arbitrary with respect to time has been regarded as one of
the most important research topics due to its wide spectrum
of scientiﬁc and engineering applications such as hydrodynam-
ical equipment, lubrication system, polymer processing, chem-
ical processing tool, materials damage due to freezing, food
processing and cooling towers. Mahmood et al. (2007) investi-
gated the HT characteristics in the squeezed ﬂow over a porous
surface. Differential Transformation Method is one of the
semi-exact methods which do not have the limitation of the
perturbation method. Against the traditional higher-order
Taylor series procedure, this method applies a polynomial
solution that is computationally expensive for higher orders.
DTM is a substitute method and its main advantage is apply-
ing the nonlinear differential equations without discretization
and linearization. This method was introduced by Zhou
(1986), by applying the DTM method to different problems
in electrical applications. Many researchers investigated
Multi-step DTM in different applications, for example
Hatami and his colleagues (2014d) studied spherical particles
motion in plane Couette ﬂuid ﬂow (Yang and Baleanu, 2013;
Cattani et al., 2015 El-Zahar, 2013; Sheikholeslami and
Ganji, 2015b: Rashidi, 2009).
The main purpose of this study is to investigate the problem
of unsteady nanoﬂuid ﬂow between parallel plates using the
Differential Transformation Method. The inﬂuence of the
radiation parameter, squeeze number, Hartmann number,
Brownian motion parameter and thermophoretic parameter
on temperature and concentration proﬁles is investigated.
2. Governing equations
Consider the steady nanoﬂuid ﬂow between two horizontal
parallel plates when the ﬂuid and the plates rotate together
around the y-axis which is normal to the plates with an angular
velocity. A Cartesian coordinate system is considered as
Fig. 1 Geometry of problem.
Table 1 Some4 of the basic operations of Differential
Transformation Method.
Original function Transformed function
f(g) = ag(g) ± bh(g) F[k] = aG[k] ± bH[k]
fðgÞ ¼ dngðgÞdgn F½k ¼ ðkþnÞ!k! G½kþ n
f(g) = g(g)h(g) F½k ¼Pkm0F½mH½km
f(s) = sin (-g+ a) F½k ¼ -kk! sinðpk2 þ aÞ
f(s) = cos (-g+ a) F½k ¼ -kk! cosðpk2 þ aÞ
fðgÞ ¼ ekg F½k ¼ kkk!
F(g) = (1 + g)m F½k ¼ mðm1Þ:::ðmkþ1Þk!
f(g) = gm
F½k ¼ dðkmÞ ¼ l1 ; k ¼ m
0 ; k–m

382 M. Sheikholeslami et al.followed: the x-axis is along the plate, the y-axis is perpendic-
ular to it (see Fig. 1). The plates are located at y ¼ 0 and y ¼ h.
The lower plate is being stretched by two equal and opposite
forces so that the position of the point (0,0,0) remains
unchanged. A uniform magnetic ﬂux with density B0 is acting
along y-axis about which the system is rotating. The governing
equations in a rotating frame of reference are:
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ð5ÞHere u and v are the velocities in the x and y directions
respectively. And T, C, qf, l, k, cP, and DB are temperature,
concentration, base ﬂuid’s density, dynamic viscosity, thermal
conductivity, speciﬁc heat of nanoﬂuid, and diffusion
coefﬁcient of the diffusing species. Also p* is the modiﬁed ﬂuid
pressure. The relevant boundary conditions are:
u ¼ ax; v ¼ 0; T ¼ Th; C ¼ Ch at y ¼ 0
u ¼ 0; v ¼ 0; T ¼ T0; C ¼ C0 at y ¼ þh
ð6Þ
The following non-dimensional variables are introduced:
g ¼ y
h
; u ¼ axf 0ðgÞ; m ¼ ahfðgÞ;
hðgÞ ¼ T Th
T0  Th ; /ðgÞ ¼
C Ch
C0  Ch
ð7Þ
Therefore, the governing equations and boundary condi-
tions for this case in non-dimensional form are given by:
f iv  Rðf 0 f 00  f f 00Þ Mf 00 ¼ 0 ð8Þ
h00 þ PrRfh0 þNb/0h0 þNth02 ¼ 0; ð9Þ
/00 þ R:Scf/0 þ Nt
Nb
h00 ¼ 0; ð10Þ
With these boundary conditions:
f ¼ 0; f 0 ¼ 1; h ¼ 1; / ¼ 1 at g ¼ 0
f ¼ 0; f 0 ¼ 0; h ¼ 0; / ¼ 0 at g ¼ 1 ð11Þ
The non-dimensional quantities are deﬁned through in
which R is the viscosity parameter, M is the Magnetic param-
eter, Pr is the Prandtl number, Sc is the Schmidt number, Nb is
the Brownian motion parameter and Nt is the thermophoretic
parameter.
R ¼ ah
2
t
; M ¼ rB
2
0 h
2
qt
;
Pr ¼ l
qfa
; Sc ¼ l
qfD
;
Nb ¼ ðqcÞpDBðChÞ=ððqcÞfaÞ;
Nt ¼ ðqcÞpDTðTHÞ=½ðqcÞfaTc:
ð12Þ
Skin friction coefﬁcient Cf along the stretching wall and
Nusselt number Nu along the stretching wall are deﬁned as
Cf ¼
Rx
h
 
Cf ¼ f 00ð0Þ; Nu ¼ h0 ð13Þ3. Differential Transform Method (DTM)
3.1. Basic of DTM
Basic deﬁnitions and operations of differential transformation
are introduced as follows. Differential transformation of the
function f(g) is deﬁned as follows:
FðkÞ ¼ 1
k!
dkfðgÞ
dgk

 
g¼g0
ð14Þ
In (14), f(g) is the original function and F(k) is the trans-
formed function which is called the T-function (it is also called
the spectrum of the f(g) at g= g0, in the k domain). The dif-
ferential inverse transformation of F(k) is deﬁned as:
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Fig. 2 Comparison of (a) the temperature proﬁles between the present work and Mehmood and Ali (2008) when
k ¼ 0:5; M ¼ 1; R ¼ 0:5 and Kr= 0.5; (b) velocity proﬁle between the present work and (Vajravelu and Kumar (2004)) when
/ ¼ 0; Kr ¼ 0; M ¼ 1 and k ¼ 1.
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Fig. 3 Effect of viscosity parameter on velocity, temperature and concentration proﬁles when Pr = 10.
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Fig. 5 Effects of viscosity and Magnetic parameters on skin friction coefﬁcient and Nusselt number when Pr = 10.
(a) 1 1 0 1 0 1 0 1= = = = =M ,R ,Sc . ,Nt . ,Nb .  (b) 1 0 1 0 1 0 1= = = =M ,Sc . ,Nt . ,Nb .
0 0.2 0.4 0.6 0.8 10
0.2
0.4
0.6
0.8
1
Ec = 0.01
Ec = 0.02
Ec = 0.03
Ec = 0.1
η
θ
1 2 3 41
1.5
2
2.5
3
3.5
4
Ec = 0.01
Ec = 0.02
Ec = 0.04
R
N
u
Fig. 6 Effect of Eckert number on temperature proﬁle and Nusselt number when Pr = 10.
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Fig. 7 Effect of thermophoretic parameter on temperature proﬁle and Nusselt number when Pr = 10.
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X1
k¼0
FðkÞðg g0Þk ð15Þ
by combining (14) and (15) f(g) can be obtained:
fðgÞ ¼
X1
k¼0
dkfðgÞ
dgk

 
g¼g0
ðg g0Þk
k!
ð16Þ
Eq. (16) implies that the concept of the differential transfor-
mation is derived from Taylor’s series expansion, but the
method does not evaluate the derivatives symbolically.
However, relative derivatives are calculated by an iterative
procedure that is described by the transformed equations of
the original functions. From the deﬁnitions of (14) and (15),
it is easily proven that the transformed functions comply with
the basic mathematical operations shown below. In real appli-
cations, the function f(g) in (16) is expressed by a ﬁnite series
and can be written as:
fðgÞ ¼
XN
k¼0
FðkÞðg g0Þk ð17ÞEq. (16) implies that fðgÞ ¼P1k¼Nþ1ðFðkÞðg g0ÞkÞ is negli-
gibly small, where N is series size.
Theorems to be used in the transformation procedure,
which can be evaluated from (14) and (15), are given below
(Table 1).
3.2. Solution with Differential Transformation Method
Now Differential Transformation Method has been applied into
governing equations (Eqs. 8–10). Taking the differential trans-
forms of Eqs. 8–10with respect to v and consideringH= 1gives:
ðkþ 1Þðkþ 2Þðkþ 3Þðkþ 4ÞF½kþ 4
 R
Xk
m¼0
ððkmþ 1ÞF½kmþ 1ðmþ 1Þðmþ 2ÞF½mþ 2Þ
 

Xk
m¼0
ðkmÞF½kmðmþ 1Þðmþ 2Þðmþ 3ÞF½mþ 3ð Þ
!
Mðkþ 1Þðkþ 2ÞF½kþ 2 ¼ 0 ð18Þ
(a) 1 1 0 1 0 1 0 1= = = = =M ,R ,Sc . ,Nt . ,Ec .  (b) 1 0 1 0 1 0 1= = = =M ,Sc . ,Nt . ,Ec .
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Fig. 8 Effect of Brownian parameter on temperature proﬁle and Nusselt number when Pr = 10.
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Fig. 9 Effects of Brownian and thermophoretic parameters on concentration proﬁle whenM= 1, R= 1, Sc= 0.1, Ec= 0.1, Pr = 10.
386 M. Sheikholeslami et al.F½0 ¼ 0; F½1 ¼ 1; F½2 ¼ a1; F½3 ¼ a2 ð19Þ
ðkþ1Þðkþ2ÞH½kþ2þPr R
Xk
m¼0
ðF½kmðmþ1ÞH½mþ1Þ
 
þ4EcA1
A3
Xk
m¼0
ððkmþ1ÞF½kmþ1ðmþ1ÞF½mþ1Þ
!
þNb
Xk
m¼0
ððkmþ1ÞU½kmþ1ðmþ1ÞH½mþ1Þ
þNt
Xk
m¼0
ððkmþ1ÞH½kmþ1ðmþ1ÞH½mþ1Þ ¼ 0 ð20Þ
H½0 ¼ 1; H½1 ¼ a3 ð21Þ
ðkþ 1Þðkþ 2ÞU½kþ 2 þ ScR
Xk
m¼0
ðF½kmðmþ 1ÞU½mþ 1Þ
þ Nt
Nb
ðkþ 1Þðkþ 2ÞH½kþ 2 ¼ 0
U½0 ¼ 1; U½1 ¼ a4 ð22Þwhere F[k], H[k] and U[k] are the differential transforms of
f(g), h(g), /(g) and a1, a2, a3, a4 are constants which can be
obtained through boundary condition. Solving this problem,
it can be expressed;
F½0 ¼ 0; F½1 ¼ 1; F½2 ¼ a1; F½3 ¼ a2; F½4 ¼ 0;
F½5 ¼ 1
60
Rð2a21  3a2Þ; . . . ð23Þ
H½0 ¼ 1; H½1 ¼ a3; H½2 ¼ 0:5Prð4EcþNba3 þNta3Þ;
H½3 ¼ Pr
6
Ra3  16Eca1  2Nba3a4 þ 4NbPrEcþPrNb2a3

þ2NbPrNta3  2Nta23 þ 4NtPrEcþ 3PrNt2a3

; . . . ð24Þ
U½0¼1; U½1¼a3; U½2¼0:5NtPrð4EcþNba3þNta3Þ
Nb
;
U½3¼1
6
ScRa4NbNtPra316NtPrEca1ð
2NtPrNba3a4þ4NtPr2NbEcþNtPr2Nb2a3
þ2NbPr2Nt2a32Nt2a3Prþ4Pr2Nt2EcþPr2Nt3a3

; . . .
ð25Þ
Steady nanoﬂuid ﬂow between parallel plates 387Substituting Eqs. 23–25 into the main Eq. (18), closed form
of the solutions can be obtained:
FðgÞ ¼ gþ a1g2 þ a2g3 þ 1
60
R 2a21  3a2
  
g5 þ    ð26Þ
hðgÞ ¼ a3g 0:5Prð4EcþNba3 þNta3Þg2 þ    ð27Þ
/ðgÞ ¼ a4gþ 0:5NtPrð4EcþNba3 þNta3Þ
Nb
g2 þ    ð28Þ
By substituting the boundary condition from Eq. (11) into
Eqs. 26–28 in point g= 1 it can be obtained the values of
a1, a2, a3, a4. By substituting obtained a1, a2, a3, a4 into Eqs.
26–28, it can be obtained the expression of F(g), H(g) and U(g).
4. Results and discussion
In this study, DTM is applied to simulate nanoﬂuid ﬂow and
heat transfer in the presence of magnetic ﬁeld. The inﬂuences
of the viscosity parameter, Magnetic parameter, ther-
mophoretic parameter and Brownian parameter on ﬂow, heat
and mass transfer characteristics have been investigated. In
order to verify the correctness of the present DTM code, we
have compared the results for the temperature proﬁles with
those reported by Mehmood and Ali (2008) when /= 0 (reg-
ular or Newtonian ﬂuid) and also with those of Vajravelu and
Kumar (2004) when Kr= 0 (non-rotational ﬂuid). This com-
parison shows a good agreement (Fig. 2).
Figs. 3 and 4 show the effect of viscosity and Magnetic
parameters on velocity, temperature and concentration proﬁles.
Effects of viscosity and Magnetic parameters on skin friction
coefﬁcient and Nusselt number are shown in Fig. 5. As viscosity
parameter increases velocity decreases especially at middle
point. Effect ofMagnetic parameter on velocity proﬁle is similar
to that of viscosity parameter. So, skin friction coefﬁcient is an
increasing function of viscosity and Magnetic parameters.
Thermal boundary layer thickness decreases with an increase
of viscosity parameter but an opposite trend is observed for con-
centration boundary layer thickness. Increasing Magnetic
parameter leads to augment in thermal boundary layer thick-
ness. As shown in Fig. 5, Nusselt number increases with the rise
of viscosity parameter while it reduces with the rise of Magnetic
parameter. Fig. 6 shows the effect of Eckert number on temper-
ature proﬁle and Nusselt number. Temperature increases with
an increase of viscous dissipation. So Nusselt number decreases
with an increase of Eckert number.
Effects of thermophoretic and Brownian parameter on tem-
perature proﬁle and Nusselt number are depicted in Figs. 7
and 8. These parameters have a similar effect on temperature
proﬁle. It means that temperature increases with augment of
these parameters and in turn Nusselt number has reverse rela-
tionship with thermophoretic and Brownian parameter. Fig. 9
depicts the effects of Brownian and thermophoretic parameters
on concentration proﬁle. As Brownian motion increases con-
centration of nanoﬂuid decreases while opposite trend is
observed for thermophoretic parameter.
5. Conclusion
MHD nanoﬂuid ﬂow, heat and mass transfer between two hor-
izontal parallel plates are investigated to count in the effects ofBrownian motion and thermophoresis in the nanoﬂuid model.
Differential Transformation Method is used to solve the gov-
erning equations. The effects of thermophoretic parameter,
Magnetic parameter, Brownian parameter, and viscosity
parameter on proﬁles of concentration, velocity, and tempera-
ture are examined. Results show that skin friction increases
with an increase of viscosity and Magnetic parameters. Also
it can be found that Nusselt number increases with increase
of viscosity parameter while it decreases with an increase
of Magnetic parameter, thermophoretic parameter and
Brownian parameter.
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